historical volatility
If the Black-Scholes model works well, the implied volatility should be roughly the same as the historical volatility. (March 11, 1998 , South China Morning Post; Historical volatility (250 days) equals 46%.)
• Volatility Smile (Duan, 1995) • Asset price dynamics modeled by a non-linear asymmetric 1. For quanto option pricing under GARCH, please see Duan and Wei (1999) .
GARCH Option Pricing Model

GARCH (NGARCH)-in-mean process
2. An arbitrage-free proof of the GARCH option pricing model can be found in Kallsen and Taqqu (1998) . It is accomplished by using the geometric Brownian motion to connect the discrete-time GARCH model.
Numerical methods
• Monte Carlo simulations 1) Standard Monte Carlo simulation
2) Empirical martingale simulation (EMS) (Duan & Simonato, 1998 ) • Markov chain approximation Discretize the underlying asset prices
Transition probability matrix 
Density of the transition probability matrix (GARCH)
• Lattice construction (Ritchken & Trevor, 1999) (The following three figures are taken from Ritchken & Trevor, 1999) Note: The maximum and minimum conditional volatilities are given in the boxes. These figures are multiplied by 10 5 . S 0 =1000, r=0, λ=0,β 0 =0.0000065, β 1 =0.9,β 2 =0.04,c=0.
• Analytical approximation (Duan, Gauthier & Simonato, 1999) For a European call option payoff at time T,
its time-0 value is by the approximate closed-form solution and are the skewness and kurtosis coefficients of the standardized cumulative return, conditional on time-0 information. • Neural network approximation (Hanke, 1997) 
Conditional moments of the cumulative return
Tackling volatility smile using GARCH
• Put-call parity regression
This regression can be run for every τ to obtain an intercept and slope. The intercept is S(τ) and the slope is -exp[-τr(τ)], which implies r(τ).
Constrained put-call parity regression:
Make certain that S(τ) is a non-increasing function of τ. • FTSE 100 index options A) Calibrate the GARCH option pricing model using the market prices of traded options in three steps.
Step Step 2: Compute market implied volatilities for calls Step 3: Calibrate the GARCH model to minimize the difference between the market implied volatility and the model implied volatility. B) Out-sample performance on April 2, 1997 (1 week later)
Step 1: Estimate implied interest rates and index values using the put-call parity regression Step 2: Compute market implied volatilities for calls Step 3: Calibrate the GARCH model to minimize the difference between the market implied volatility and the model implied volatility. 
The general properties of the GARCH option pricing model
• Leptokurtic (fat-tailed) and skewed distributions
Under the data generating probability 
Under the risk-neutralized probability Note: σ * is greater than σ if λ and θ share the same sign.
Prediction for implied volatilities (option prices):
Implied volatility should be higher than "realized" or "historical" volatility. • GARCH delta and vega hedging
Utilize the volatility smile in applications
Static call option delta (see Duan, 1995) : where W 1,t and W 2,t are two independent standard Brownian motions.
• Locally risk-neutralized pricing system Denote the risk-neutralized probability law by Q. As n goes to infinity, the approximating model becomes ( )
• Numerical performance of the GARCH approximation Note: The following two tables are taken from Ritchken and Trevor (1999) , "Pricing Options under Generalized GARCH and Stochastic Volatility Processess."
Comparison using Monte Carlo simulations
